Finsler metrics with relatively non-negative (non-positive, respectively), constant and isotropic stretch curvatures are investigated in this paper. In particular, it is proved that every non-Riemannian (α, β)-metric with a nonzero constant flag curvature and a non-zero relatively isotropic stretch curvature over a manifold of dimension n ≥ 3 is of a characteristic scalar constant over the Finsler geodesics. It is also shown that every compact Finsler manifold with a relatively non-negative (nonpositive, respectively) stretch curvature is a Landsberg metric. Finsler manifolds with 2-dimensional relative stretch curvature are also investigated.
Introduction
In Finsler geometry, there are many non-Riemannian quantities. These include Cartan torsion C, Berwald curvature B, the Landsberg curvature L, mean Landsberg curvature J, stretch curvature Σ and so on. Investigating these non-Riemannian quantities, all of which are equal to zero in Riemannian geometry, introduces us to the nature of Finsler geometry.
A Finsler metric F on a smooth manifold M is said to be a Bervald metric if its Berwald curvature is equal to zero. Or, in other words, the G i coefficients of the spray defined on M , i.e., G(x, y) = y i ∂ ∂x i − 2G i ∂ ∂y i , are squared. That is, there are scalar functions Γ i jk (x) such that ∂ 2 G i ∂y i ∂y j = Γ i jk (x). Another family of Finsler metrics that includes the Berwall metric is the Landsberg metric. This family is Finsler metrics with Landsberg curvature tensor equal to zero. The Landsberg tensor L y for every y ∈ T x M 0 is equal to the rate of Cartan tensor changes along geodesics. Assuming {e i } is an orthonormal basis of space (T x M, g y ), then J y := n i=1 L y (e i , e i , ·) is called the mean Landsberg curvature. Fisnsler metric F is said to be weak Landsberg if J = 0 [10] .
Browald introduced the notion of the stretch Curvature as a generalization of the Landsberg curvature [3] . He revealed that the stretch curvature Σ is equal to zero if and only if the length of a vector under parallel transmission on an infinitesimal parallelogram remains constant. Matsomoto then introduced this curvature as Σ ijkl := 2(L ijk|l − L ijl|k ) [6] . Clearly, every Landsberg metric has a zero-stretch curvature. Also, every metric with a zero stretch curvature is a metric with a relatively isotropic non-positive or non-negative stretch curvature, but the opposite is not necessarily true. Therefore, it is important to consider the circumstances in which the opposite is true. In this paper, we are going to study the Finsler metrics with relative stretch curvature (relatively non-negative or non-positive, or constant) and prove the following theorems. Theorem 1.1. a compact Finsler manifold with a relatively non-negative (non-positive, respectively) stretch curvature is Landsbergian. Also, a complete Finsler manifold with a relatively constant stretch curve and a bounded Landberg curvature is Landsbergian. Theorem 1.2. Each non-Riemannian (α, β)-metric with the non-zero constant flag curvature and the non-zero relative stretch curvature over a manifold of dimension n ≥ 3 is of scalar constant characteristic on the Finsler geodesics. Theorem 1.3. Suppose F is a 2-dimensional metric with relatively isotropic stretch curvature c. Then F is Riemannian if and only if its principal scalar satisfies 2µ ′ + 2µ 2 F − cµF = 0, in which, I is the principal scalar of F , µ := I −1 I |1 , and µ ′ = µ |s y s is the covariant derivative µ along an arbitrary geodesic. 
The family C := {C y } y∈T M0 is called Carton torsion. F is a Riemannian metric if and only if C = 0. For the vector y ∈ T x M , the mean Cartan torsion I y :
Let (M, F ) be a Finsler manifold of dimension n ≥ 3. Then F is an analytic semi C-metric whose Cartan tensor is as follows: C ljm = p (n + 1) (I l h jm + I j h lm + I m h jl ) + q I 2 I l I j I m , where p := p(x, y) and q = q(x, y) are scalar functions over TM with condition p + q = 1, I 2 := I k I k and h ij := g ij − F −2 y i y j is angular metric [8] .
The quantity p is called the characteristic scalar of the metric M . If p = 1, then F is called C-analytic. Theorem 1.4 ([8]). Every non-Riemannian (α, β)-metric over a manifold of dimension n ≥ 3 is a C-semi-analytic metric.
The first person to introduce the concept of connection for Finsler metrics was Berwald [3] . After his valuable work, several connections were introduced in various ways, the most famous being Chern, Cartan and Berwald connection. See [10] for further discussion.
The following statements are used in the computational process of this article.
. Suppose M is an oriented manifold with the volume form ω and ∇ is a torsion-free connection where ∇ ω = 0. Then, for every vector field X over M , This Theorem is not true for non-compact manifolds, but for the vector field X with compact support is hold.
Suppose (M, F ) is a n-dimensional Finsler curvature. Also suppose that ∇ is a Berwald connection and {e i } n i=1 is an orthonormal basis field (relative to g) for the return bundle π ⋆ T M , such that e n = l, and l is the focal cut l = y/F . Consider {ω i } n i=1 as dual basis fields and put 
The horizontal derivative of Carton torsion along the geodesics defines the Landsberg curvature as follows.
The following equations are easily illustrated by using the properties of 2-forms of Berwald connection curvature [10] :
Also it can also be concluded
After introducing the notion of stretch curvature as a generalization of the Landsberg curvature by Berwald, Matsomoto introduced its form as follows:
A Finsler metric is said to be a stretch metric if Σ = 0. A Finsler metric F over the manifold M is said to be of a relative stretch curvature (with ratio c) if If we multiply the second identity of lemma 1.7 to y i , we get Σ jmkl = y i R j i kl.m . As a result, every Finsler R-square metric is a metric with zero stretch curvature.
where a ∈ R is a fixed vector and |a| < 1. For every a = 0, it is easy to see that F a is locally flat with a negative constant flag curvature. F is a relatively constant stretch metric with c = −1.
By taking horizontal covariant derivative from of mean Cartan torsion tensor I along the geodesics, the mean Landsberg tensor J y (u) = J i (y)u i is obtained, where J i := I i|s y s . The mean Landsberg curvature can be obtained from J i := g kl L ikl , too. A Finsler metric is a weak Landsberg if J = 0.
For every Finsler metric (M, F ), an overall vector field G is defined by F over T M 0 , which can be expressed in the local coordinates (x i , y i ) for T M 0 and is called the spray obtained from the metric F :
in which, G i are local functions over T M 0 , shown as below
For the tangent vector y ∈ T M 0 
Also for the Riemannian curvature, the following relation is hold [10]
A flag curvature in Finsler geometry is an extension of shear curvature in Riemannian geometry first introduced by Browald [3] .
For a flag P = span{y, u} ⊂ T x M with a bar y, the flag curvature is defined as follows K(P, y) := g y (u, R y (u)) g y (y, y)g y (u, u) − g y (u, v) 2 .
The Finsler metric F is said to be of the scalar curvature if for every y ∈ T x M , the flag curvature K = K(x, y) is a scalar function over tangent bundle cut T M 0 . If K is constant, then F is called a metric with constant curvature.
Stretch curvature of Finsler metrics
In this section, we prove the main theorems and some of their corollaries. 
However, the Finsler manifold (M, F ) has a relatively non-negative (non-positive, respectively) stretch curvature or is constant. Given the definition and by multiplying the stretch tensor in y l , it is easy to obtain: According to Theorem 1.5 we haveφ (y) = ϕ |m y m = ξ(ϕ) = div(ϕξ).
Note that ξ = y i δ δx i is a geodesic vector field over the unit bundle SM and div(ξ) = 0 [13] . Since M is compact, so SM is compact, too. Also, the volume form ω SM over the spherical bundle SM is obtained from volume form ω over M [1] .
According to Theorem 1.6 we have SMφ ω SM = 0.
Sinceφ is a homogeneous function and its sign is always nonnegative (non-positive, respectively), thenφ = 0. Therefore according to (2.1), it results in ϕ = 0 or c = 0. If ϕ = 0, then L ijk = 0. If c = 0, then Σ ijkl = 0 and therefore, L ′ (t) = L ijk|l y l = 0, that is, L(t) = L(0). So Cartan torsion is equal to
that if t → ±∞, then the function will not be bounded, and this contradicts the compression of M (as a result of the bounded Cartan torsion). Therfore, L(0) = 0 and since compact manifolds are always complete, hence, L(t) = 0, that is, the metric F , is a Landsberg metric. Thus, the first part of the theorem is proved. Now, if c is a constant function, then again by multiplying the stretch tensor in y l , we get
The general answer to this equation is as follows.
L(t) = e ct L(0).
By tending t to +∞ or −∞ in the above answer, the non-boundary of the Landsberg curvature is obtained which is inconsistent with the assumption. So L(t) = L(0) = 0. Thus, the second part of Theorem 1.1 also is proved. 
But F has a relative stretch curvature, that is
By multiplying the expression by y l we have
By multiplying (2.5) by g im we have
On the other hand, F is a non-Riemannian (α, β)-metric with a dimension of n ≥ 3, meaning its Cartan tensor is written as follows
where equation p + q = 1 is hold. Now, by taking the horizontal derivative | s from (2.7) and multiplying it by y s , we have
By substituting (2.6) in (2.8) and also using (2.5) and (2.7), we get
By multiplying the above expression by I j I m , and using (2.6), we have
Given that F is non-Riemannian, we conclude that 3 I 2 p ′ + (n + 1)q ′ = 0.
(2.10)
Since p + q = 1, then p ′ + q ′ = 0. By substituting it in (2.10), we get p ′ = 0, that is, the characteristic scalar of the metric F over Finsler geodesics is always constant. Proof. By multiplying (2.4) by y l we have
where L ′ jmk := L jmk|s y s . By substituting (2.5) in (2.11), we have
Also, by taking derivative of (2.5), we have
By comparing (2.12) and (2.13), the proof completes.
Proof of Theorem 1.3. To prove this theorem, we use the Berwald frame. The Browald Frame is an essential tool introduced by Berwald [4] for studying the 2-D Finsler manifolds.
For a 2-dimensional Finsler manifold (M, F ), a local field of perpendicular frames (ℓ i , m i ) is called a Berwald frame, where ℓ i = y i /F and m i are unit vectors given that ℓ i m i = 0 and ℓ i = g ij ℓ j . Considering the Berwald frame we have:
14)
where, I is a homogeneous function of zero degree called the principal scalar of metric F . By multiplying (2.14) by y i we will have L jkl = µF C jkl , (2.15) where, µ := I |1 I . Hence, by taking horizontal derivative of (2.15), we have L jkl|s = µ |s F C jkl + µF C jkl|s . According to the assumption, F is of a constant relative stretch curvature If t → ±∞, then µ(t) = 0. By substituting it in (2.15), we can easily conclude that F is a Landsberg metric.
